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CLASSIFICATION OF KAHLER HOMOGENEOUS 
MANIFOLDS OF NON COMPACT DIMENSION TWO 

SEYED RUHALLAH AHMADI AND BRUCE GILLIGAN 


Abstract. Suppose G is a connected complex Lie group and H is a. closed 
complex subgroup such that X := G/H is Kahler and the codimension of the 
top non-vanishing homology group of X with coefficients in Z 2 is less than 
or equal to two. We show that X is biholomorphic to a complex homoge¬ 
neous manifold constructed using well-known “basic building blocks”, i.e., C, 
C*, Gousin groups, and flag manifolds. For H discrete the classification was 
presented in the first author’s dissertation [4]. 


1. Introduction 

In this paper we consider complex homogeneous manifolds of the form G/H, 
where G is a connected complex Lie group and iL is a closed complex subgroup of 
G. The existence of complex analytic objects on such a G/H, like non-constant 
holomorphic functions, plurisubharmonic functions and analytic hypersurfaces, is 
related to when G/H could be Kahler. So the first question one might consider 
concerns the existence of Kahler structures and we restrict ourselves to that question 
here. The structure of compact Kahler homogeneous manifolds is now classical [5S] 
and m and the structure in the case of G-invariant metrics is also known |15j . As 
a consequence, our investigations here concern non-compact complex homogeneous 
manifolds having a Kahler metric that is not necessarily G-invariant. 

Some results are known under restrictions on the type of group G that is acting. 
The base of the holomorphic reduction of any complex solvmanifold is always Stein 
[24] , where the proof uses some fundamental ideas in [27]. For G a solvable complex 
Lie group and G/H Kahler the fiber of the holomorphic reduction of G/H is a 
Cousin group, see [32] and the holomorphic reduction of a finite covering of G/H 
is a principal Cousin group bundle, see m- If G is semisimple, then G/H admits 
a Kahler structure if and only if H is algebraic For G reductive there is the 
characterization that G/H is Kahler if and only \i S ■ H is closed in G and S' fl iL is 
an algebraic subgroup of S, a maximal semisimple subgroup of G, see [201 Theorem 
5.1]. There is also a result if G is the direct product of its radical and a maximal 
semisimple subgroup under some additional assumptions on the isotropy subgroup 
and so on the structure of X [5T] . 

One way to proceed is to impose some topological restraints on A. In m we 
classified Kahler homogeneous manifolds X having more than one end by showing X 
is either a product of a Cousin group and a flag manifold or X admits a homogeneous 
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fibration as a C*“bundle over the product of a compact complex torus and a flag 
manifold. Now in the setting of proper actions of Lie groups Abels introduced the 
notion of non-compact dimension, see [2] and m §2]. We do not wish to assume 
that our Lie group actions are necessarily proper ones, so we take a dual approach 
and define the non-compact dimension dx of a connected smooth manifold to be 
the codimension of its top non-vanishing homology group with coefficients in Z 2 , 
see §2. Our goal in this paper is to classify Kahler homogeneous manifolds G/H 
with dc/H = 2. All such spaces are holomorphic fiber bundles where the fibers and 
the bases of the bundles involved consist of Cousin groups, flag manifolds, C, and 
C*. We now present the statement of our main result, where T denotes a compact 
complex torus, C a Cousin group, and Q a flag manifold. 

Theorem 1.1 (Main Theorem). Suppose X := G/H is Kahler, where G is a 
connected complex Lie group and H is a closed complex subgroup of G. Then 
dx = ‘2 if and only if X is one of the following: 

Case I: H discrete: A finite covering of X is biholomorphic to a product C x A, 
with G a Cousin group, A a Stein Abelian Lie group and dc + dA = ‘2,. 

Case II: H is not discrete: 

(1) Suppose 0(X) = C and let G/H —>• G/N be its normalizer fibration. 

(a) X is a (C*)^-bundle over G x Q with dc + k = dx = 2. 

(b) X is T X G/N with 0{G/N) = C and G/N fibers as a <C-bundle 
over a flag manifold; there are two subcases depending on whether S acts 
transitively on G/N or not. 

(2) Suppose 0(X) C and let G/H —>■ G/J be its holomorphic reduction. 

(a) G/J is Stein with dc/j = 2 and X = T x Q x G/J, where 

(i) G/J = C. 

(ii) G/J is the 2-dimensional affine quadric 

(Hi) G/J is the complement of a quadric curve in P 2 

(iv) G/J= (C*)2 

(b) G/J is not Stein with Jq/j = 2; then G/J is a C,*-bundle over an 
affine cone minus its vertex and X = T x G/ J. 

(c) dQjj = \ with G/J an affine cone minus its vertex and dj/H = 1 

(i) 0{J/H) = C.' X is a C*-bundle over T xY, where Y is a flag 
manifold bundle over the affine cone minus its vertex. 

(ii) 0{J/H) C: this case does not occur. 

The paper is organized as follows. In section two we gather a number of technical 
tools. In particular, we note that Proposition [2A0] deals with the setting where the 
fiber of the normalizer fibration is a Cousin group and its base is flag manifold. It 
is essential for Case II (1) (a) in the Main Theorem and can be used to simplify the 
proof when dx = 1, see Remark l2.11l Section three is devoted to the case when the 
isotropy subgroup is discrete. Sections four and five deal with general isotropy and 
contain the proof of the main result when there are no non-constant holomorphic 
functions and when there are non-constant holomorphic functions, respectively. In 
the last section we present some examples. 
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2. Technical Tools 

The purpose of this section is to gather together a number of definitions and 
basic tools that are subsequently needed. 

2.1. Basic Notions. 

Definition 2.1. A Cousin group is a complex Lie group G with 0{G) = C. The 
terminology toroidal group is also found in the literature. Every Cousin group is 
Abelian and is the quotient of C" by a discrete subgroup having rank n + fc for 
some k with 1 < k < n. For details, we refer the reader to [T]. 

Definition 2.2. A flag manifold (the terminology homogeneous rational manifold 
is also in common usage) is a homogeneous manifold of the form S/P, where S' is a 
connected semisimple complex Lie group and P is a parabolic subgroup of S. One 
source concerning the structure of flag manifolds is [SI §3.1]. 

Definition 2.3. For X a connected (real) smooth manifold we define 

dx := dimRAT — min{ r | iLfe(A, Z 2 ) =0 V k > r}, 

i.e., dx is the codimension of the top non-vanishing homology group of X with 
coefficients in Z 2 . We call dx the non-compact dimension of X. 

Proposition 2.4. Suppose X is a connected Stein manifold. Then dime A < dx- 

Proof. For X Stein one has Hk{X) = 0 for all k > dime X by [SI] . □ 

2.2. Fibration Methods. Throughout we make use of a number of fibrations that 
are now classical. 

(1) Normalizer Fibration: Given G/H let N = Nc{H'^) be the normalizer in 

G of the connected component of the identity of H. Since H normalizes 

we have H C N and the normalizer fibration G/H G/N. 

(2) Holomorphic Reduction: Given G/H we set J := { g € G | f{gH) = 
f{cH) for all / € 0{G/H) }. Then J is a closed complex subgroup of G 
containing H and we call the fibration p : G/H —> G/ J the holomorphic 
reduction of G/H. By construction G/ J is holomorphically separable and 
0{G/H)^p*{0{G/J)). 

Suppose a manifold X admits a locally trivial fiber bundle X ^ B with F and 
B connected smooth manifolds. One would then like to know how dp and dp are 
related to dx whenever possible. The following result was proved in §2 in |7] using 
spectral sequences. 

Lemma 2.5 (The Fibration Lemma). Suppose X ^ B is a locally trivial fiber 
bundle with X, F, B smooth manifolds. Then 

(1) if the bundle is orientable (e.g., if ni{B) =0), then dx = dp + dp■ 

(2) if B has the homotopy type of a q-dimensional CW complex, then dx > 
dp + (dim B — q). 

(3) if B is homotopy equivalent to a compact manifold, then dx > dp + dp ■ 
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Remark 2.6. If B is homogeneous, then one knows that B is homotopy equivalent 
to a compact manifold if: 

(1) the isotropy subgroup of B has finitely many connected components [30] : 
e.g., in an algebraic setting, 

(2) if R is a solvmanifold [29]; indeed, every solvmanifold is a vector bundle 
over a compact solvmanifold 

2.3. Special case of a question of Akhiezer. Later we will need a result that 
is based on [3 Lemma 8]. Since that Lemma was stated in a way suitable for its 
particular application in |7], we reformulate it in a form suitable for the present 
context. 

Lemma 2.7 (Lemma 8 [7]). Let G be a connected, simply connected complex Lie 
group with Levi-Malcev decomposition G = S tK R with dime R = 2 and F a discrete 
subgroup of G such that X = G/T is Kdhler. Then T is contained in a subgroup of 
G of the form A tK R, where A is a proper algebraic subgroup of S. 

This has the following consequence which we use later. 

Theorem 2.8. Suppose G is a connected, simply connected, complex Lie group 
with Levi-Malcev decomposition G = S tK R with dime i? = 2. Let T be a discrete 
subgroup of G such that X = G/T is Kdhler, F is not contained in a proper parabolic 
subgroup of G and 0{G/T) ~ C. Then S = {e}, i.e., G is solvable. 

Proof. The radical orbits are closed, e.g., see [18]. By lemma [2771 the subgroup F 
is contained in a proper subgroup of G of the form A tK R, where A is an algebraic 
subgroup of S. Thus there are fibrations 

G/T G/R-T S/A, 

where the base G/R • F = S'/A with A := S fl i?.F. If A is reductive, then S/A is 
Stein and we get non-constant holomorphic functions on X as pullbacks using the 
above fibrations. But this contradicts the assumption that 0(X) ~ C. If A is not 
reductive then [251 Theorem, §30.1] applies and A is contained in a proper parabolic 
subgroup of S. But this implies F is too, thus contradicting the assumption that 
this is not the case. □ 

2.4. The algebraic setting revisited. Throughout we repeatedly use two results 
of Akhiezer concerning the invariant dx in the setting where X = G/H and C? is a 
connected linear algebraic group over C and H is an algebraic subgroup of G. For 
the convenience of the reader we now state these here. 

Theorem 2.9 (d = 1 [5]; d = 2 [6]). Suppose G is a connected linear algebraic 
group over C and H is an algebraic subgroup of G and X := G/H. 

(1) dx = 1 H is contained in a parabolic subgroup P of G with P/H = C*. 

(2) dx = 2 H is contained in a parabolic subgroup P of G with P/H being: 

(a) C 

(b) the affine quadric Q 2 

(c) the complement of a quadric curve in P 2 
(c) 
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2.5. Cousin group bundles over flag manifolds. In this section we prove a 
result concerning the structure of Kahler homogeneous manifolds whose normalizer 
hbrations are Cousin group bundles over flag manifolds, where there is no assump¬ 
tion about the invariant d. In order to do this we will show that one can reduce to 
the case where a complex reductive group is acting transitively and employ some 
now classical details about the structure of parabolic subgroups, e.g., see [8] or [16]. 
A crucial point in the setting of interest is the fact that all S'-orbits are closed and 
have algebraic isotropy uni Theorem 5.1]. 

Proposition 2.10. Suppose G/H is a Kahler homogeneous manifold whose nor¬ 
malizer fibration G/H G/N has fiber G := N/H a Cousin group and base 
Q := G/N a flag manifold. Then there exists a closed complex subgroup J of N 
containing H such that the fibration G/H G/ J realizes X as a (C*)^-bundle 
over a product G/ J = Q Y-Y, where Y is a Cousin group with dy = dx — k. 

Proof. Our hrst task is to show that there is a reductive complex Lie group acting 
holomorphically and transitively on X. Write C = C^/T and note that there exists 
a subgroup T < T such that C := C^/T is isomorphic to (C*)'^ and is a covering 
group of C, e.g., see [1] §1.1]. In particular, the reductive complex Lie group 
G := S X C acts transitively on X. We drop the hats from now on and assume, by 
going to a finite covering, if necessary, that G = S x Z is a reductive complex Lie 
group, where Z = (C*)"^ is the center of G and S' is a maximal semisimple subgroup. 

Let xq € X he the neutral point, zq € G/N be its projection in the base, and 
Fzg be the fiber over the point zq. Now the S-orbit S • H/H = S/S CH is closed 
in X and S fl iL is an algebraic subgroup of S m Theorem 5.1]. So there is an 
induced fibration 

S/SnH -A G/H 

(2.1) A; ; = C 

s/p = G/N 

Since the center normalizes any subgroup, we have N = P x Z with P a parabolic 
subgroup of S. Now any parabolic group P can be written as a semidirect product 
of its unipotent radical Up and a subgroup Lp. Further, Lp is the centralizer in S 
of a subgroup Gp of Lp. In particular, it follows that Gp is the center of Lp, e.g., 
see |S]. In passing, we also note that the commutator subgroup of Lp is semisimple 
and thus Lp is a complex reductive Lie group. 

The bundle in (12.11) is defined by a representation p : N —Aut°(C) = G and 
the group A = p{P) lies in the connected component of the identity of the automor¬ 
phism group of C because P is connected. Since C is Abelian, p\p factors through 
the canonical projection from P to P/P'. Because every parabolic subgroup con¬ 
tains a maximal torus, every root space in the parabolic is in its commutator 
subgroup. Also Cp is not in the commutator subgroup, while the commutator sub¬ 
group of Lp is. As a consequence, P/P' = (C*)^', withp = dimCp, e.g., see also |8l 
Proposition 8, §3.1]. Now the S'-orbits in G/H are closed and the Cp-orbit in the 
typical fiber N/H through the neutral point is the intersection of N/H with the 
corresponding S-orbit. So this Cp-orbit is closed and complex and is an algebraic 
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quotient of the group Cp biholomorphic to (C*)^ for some k < p. In this reductive 
setting S' is a normal subgroup of G and so all S-orbits are biholomorphic and fiber 
over G/N with fiber biholomorphic to (C*)^. If A: = 0, then X = C x G/N, by the 
argument given in the last paragraph of the proof. 

Assume A: > 0. Let N N/H^ N/H = C, where tti is the canonical 
homomorphism with normal in N and 7r2 is a covering homomorphism, since 
H/H^ is a (normal) discrete subgroup of the Abelian group N/H^. Set 

J := TTj"^ o7r^^(p(C'p)). 

It follows that J is a closed complex Lie subgroup of G contained in N, since both 
TTi and 7r2 are holomorphic Lie group homomorphisms, that J contains H by its 
definition, and that the J-orbit through the neutral point is the Cp-orbit. This 
yields an intermediate fibration 

G/H G/J —^ G/N 
with the first fiber (C*)^ = A. 

We claim that the bundle G/J —?> G/N is holomorphically trivial. In order to see 
this note that the P-action on the neutral fiber of the bundle G/J —?> G/N is trivial. 
Otherwise, the dimension of the P-orbit in would be bigger than k, as assumed 
above, and this would be a contradiction. As a consequence, all S'-orbits in G/J are 
sections of the bundle G/J^ G/N. Since G/N is simply connected, this bundle 
is holomorphically trivial, i.e., G/J = (G/A) x S/P. Because G is a Cousin group, 
Y := G/A is also a Cousin group. The statement about the topological invariant 
follows because dc/A = dc/j, since S/P is compact, and dc/J = dx — k. □ 

Remark 2.11. The case dx = 1 is treated in [T71 Proposition 5], where it is 
assumed that X has more than one end. For X Kahler this is equivalent to dx = 1. 

3. The Discrete Case 

Throughout this section we assume that A" = G/T is Kahler with dx = 2, where 
G is a connected, simply connected, complex Lie group and T is a discrete subgroup 
of G. We first show that G is solvable. Then we prove that a finite covering of such 
an X is biholomorphic to a product G x A, where G is a Cousin group and A is a 
holomorphically separable complex Abelian Lie group. 

3.1. The reduction to solvable groups. We first handle the case when the 
Kahler homogeneous manifold has no non-constant holomorphic functions. 

Lemma 3.1. Assume T is a discrete subgroup of a connected simply connected 
complex Lie group G that is not contained in a proper parabolic subgroup of G, with 
X := G/r Kahler, 0{X) = C, and dx < 2. Then G is solvable. 

Proof. Assume G = S' x P is a Levi decomposition. Since the P-orbits are closed, 
we have a fibration 

G/r ^ G/p-r = S/A, 

where A := S C P ■ T is Zariski dense and discrete in S, e.g., see [IH]. Now if 
0{R ■ r/r) = C, then the result was proved in [18]. Otherwise, let 
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be the holomorphic reduction. Then Y is holomorphically separable and since R 
acts transitively on Y, it follows that Y is Stein [24]. But 2 = dx > dy > dime Y. 
Further is a normal subgroup of G. As a consequence, the quotient group 

R := R/ has complex dimension one or two. If dimi? = 1, then G := 5 x i? is a 
product and this implies S = {e} by m- If dim R = 2, then G is either a product, 
see [31] again, or is a non-trivial semidirect product. In the latter case the result 
now follows by Theorem 12.81 □ 

In the next Proposition we reduce to the setting where the Levi factor is SL{2, C). 
We first prove a technical Lemma in that setting. 

Lemma 3.2. Suppose G/T is Kdhler and dQ/Y "S 2, where T is a discrete subgroup 
of a connected, complex Lie group of the form G = SL(2, C) x i? with R the radical 
of G. Then T is not contained in a proper parabolic subgroup of G. 

Proof. Assume the contrary, i.e., that L is contained in a proper parabolic subgroup 
and let P be a maximal such subgroup of G. Note that P is isomorphic to B k R, 
where P is a Borel subgroup of SL{2,C). Let P/T —P/J be the holomorphic 
reduction. Then P/T is a Cousin group (32] and P/J is Stein [24]. Note that J ^ P, 
since otherwise P would be Abelian, a contradiction. The Fibration Lemma and 
Proposition 12.41 imply dime P/J = I or 2. So P/J is biholomorphic to C, C*,C* x 
C*, or the complex Klein bottle. 

In the first two cases P/J is equivariantly embeddable in Pi and by [^ it follows 
that G/J is Kahler. In the latter two cases the fiber J/F is compact by the Fibration 
Lemma and we can push down the Kahler metric on X to obtain a Kahler metric 
on G/J, e.g., see [12]. In particular, the S'-orbit S/{S fl J) in G/J is Kahler and 
so its isotropy S' fl J is algebraic Now consider the diagram 

G/T A G/J A G/P 

II 

U U Pi 

II 

S/S nr s/snj A s/p 

Note that because Y ■.= P/J is noncompact and Jc/r = 2, it follows from the 
Fibration Lemma that either Ji? = 1 or P is compact. Since F is an Abelian Lie 
group, it is clear that dps If dp- 

The following enumerate, up to isomorphism, the algebraic subgroups of P and 
in each case we derive a contradiction. 

(1) dime S n J = 2. Then S n J = P. This yields the contradiction ds/snr < 
(iFs+'^S/B = l + 0= l<3 = Js/SnT) since S n F is finite. 

(2) dime S n J = 1. 

(a) If Sn J = C*, then S/Sn J is an affine quadric or the complement 
of a quadric curve in P 2 and thus Z = C. So P/J 7 ^ C* and is either C 
or (C*)^, i.e., Jp/j = 2. Then the Fibration Lemma implies F is compact 
and, since Fs is closed in P, it must also be compact. But this forces STlF 
to be an infinite subgroup of S' H J which is a contradiction. 

(b) If S n J = C, then S/S n J is a finite quotient of \ {(0, 0)} and 
so Z = C*. Now P/J = C, (C*)^ or C*. In the first two instances P would 
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be compact and we get the same contradiction as in (a). In the last case 
dj’ = 1 by the Fibration Lemma and Fs is either compact or C*. Again 
S' n r is infinite with the same contradiction as in (a). 

(3) dime S n J = 0. Here S fl J is finite, since it is an algebraic subgroup 
of B. Then dim S/S fl J = 3 and we see that dim G/J = 3, since we 
know dimG/P = 1 and dim P/J < 2. Then P/J = (C*)^ and, since 
S/S n J is both open and closed in G/J, it follows that S/S fl J = G/J 
and ds/snj = 2. But F is compact and thus so is Fs and we get the 
contradiction that ds/snr = 2 < 3 = dg/snr- 

As a consequence, F is not contained in a proper parabolic subgroup of G. □ 

Proposition 3.3. Suppose G/F is Kdhler with dapp < 2. Then G is solvable. 

Proof. First note that G cannot be semisimple. If that were so, then F would 
be algebraic, hence finite and thus G/F would be Stein. But then 2 = dc/r > 
dime G/F = dime G which is a contradiction, since necessarily dime G > 3 for any 
complex semisimple Lie group G. 


So assume G = S x i? is mixed. The proof is by induction on the dimension of G. 
Now if a proper parabolic subgroup of G contains F, then a maximal one does too, 
is solvable by induction and so has the special form B k R, where B is isomorphic 
to a Borel subgroup of S' = SL{2,C). But this is impossible by Lemma 13.21 

Lemma 13.11 handles the case G(G/r) = C. So we assume G(G/r) ^ C with 
holomorphic reduction G/F GjJ. The Main Result in [7] gives the following list 
of the possibilities for the base G/J: 

(1) C 

(2) affine quadric Q 2 

(3) P 2 \ Q, where Q is quadric curve 

(4) an affine cone minus its vertex 

(5) C*-bundle over an affine cone minus its vertex 

In case (1) the bundle is holomorphically trivial, with compact fiber a torus 
and the group that is acting effectively is solvable. In cases (2) and (3) we have 
fibrations G/F —>• G/J —> GjP = Pi and so F is contained in a proper parabolic 
subgroup of G, contradicting what was shown in the previous paragraph. 


In order to handle cases (4) and (5) we recall that an affine cone minus its vertex 
fibers equivariantly as a C*-bundle over a flag manifold. Thus we get fibrations 

G/F ^ G/J ^ GjP. 

Note that it cannot be the case that G ^ P, since then F would be contained in a 
proper parabolic subgroup, a possibility that has been ruled out. So G = P and 
G/J (or a 2-1 covering) is biholomorphic to C* or (C*)^. In the second case the 
fiber J/F is compact and thus a torus and thus G is solvable. If G/J = C*, then 
J/F is Kahler with dim J < dimG and Jj/r = 1 by the Fibration Lemma. By 
induction J is solvable and so G is solvable too, because G/J = C*. □ 
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3.2. A product decomposition. In order to prove the classification we will have 
need of the next splitting result. 

Proposition 3.4. Suppose G is a connected, simply connected solvable complex 
Lie group that contains a discrete subgroup F such that G/T is Kdhler and has 
holomorphic reduction G/T —>■ G/J with base (C*)^ and fiber a torus. Then a 
finite covering of G/T is biholomorphic to a product. 

Proof. First assume that is normal in G and let a : G G/be the quotient 
homomorphism with differential da : 0 —>■ q/]. Then G/J^ is a two dimensional 
complex Lie group that is either Abelian or solvable. In the Abelian case Go := 
X 5^) is a subgroup of G that has compact orbits in X, since these orbits 
fiber as torus bundles over x in the base. The result now for (F, Go, G) follows 
from [?, Theorem 6.14], since this triple is a CRS. 

Next assume that G/ is isomorphic to the two dimensional Borel group B 
with Lie algebra b. Then n := c?q;“^( nt,) is the nilradical of G. Let N denote the 
corresponding connected Lie subgroup of G. Now choose 7 Ar G Fat := A fl F such 
that Q;( 7 Ar) 7 ^ e. There exists a; G n such that exp(a;) = Let U be the connected 
Lie group corresponding to {'Jn)c- Since F centralizes (see [HI Theorem Ij), it 
follows that n = u©j and N = U x J° is Abelian. Set Ff/ := FflG and Fj := Ffl J°. 
Then N/Tn = U/Tu x J°/Tj. 

Since F/Fat = Z, we may choose 7 G F such that 7 projects to a generator of 
F/FAT. Also set A := exp((u>)c) for fixed w G 0 \n. Since A is complementary to N, 
we have G = A x N . Now there exist 'ja & A and 7 Ar G A such that 'f = ■ In- 

Both 7 and centralize and thus 7^4 does too. Also 7^4 = exp(h) for some 
h = sw with s G C. Therefore, 

(3.1) [h,]] = 0. 


Since a + u is isomorphic to b = 0/j as a vector space, there exists e G u such 
that 

[da{h), da{e)\ = 2da{e). 

Let {ei,..., e„_ 2 } be a basis for j. There exist structure constants Oi so that 

n—2 

[h, e] = 2 e + ^ a^Ci 


and the remaining structure constants are all 0 by (EH). Note that, conversely, any 
choice of the structure constants determines a solvable Lie algebra 0 and the 
corresponding connected simply-connected complex Lie group G = A x N. 


We now compute the action of 7^4 G A on A by conjugation. In order to do this 
note that the adjoing representation restricted to n, i.e., the map ad^ : n n, is 
expressed by the matrix 


M := [ad?,] 


/ 2 
ai 


0 

0 


0 

0 / 


\ 0,n-2 


0 
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So the action of ^ on TV is through the one parameter group of linear transforma¬ 
tions 1 1 —>■ for f S C. For k > 1 

{tMf = 

and it follows that 

gtM ^ l(g2t _ 

Now the projection of the element 7 a acts trivially on the base Y = Gj J, sot = irik 
where fc G Z. Hence 7 a acts trivially on U. Also 7 Ar acts trivially on TV, since TV 
is Abelian. Thus 7 acts trivially on TV and as a consequence, although C? is a 
non-Abelian solvable group the manifold X = G/T is just the quotient of C" by a 
discrete additive subgroup of rank 2n — 2. Its holomorphic reduction is the original 
torus bundle which, since we are now dealing with the Abelian case, is trivial. 

Now assume J° is not normal in G, set TV := and let G/J G/N 

be the normalizer fibration. Since the base G/N of the normalizer fibration is an 
orbit in some projective space, G/N is holomorphically separable and thus Stein 
[23]. Since we also have 2 > dc/N ^ dimcG/TV we see that G/N = C, C* or 
C* X C*. We claim that we must have G/N = C*, i.e., we have to eliminate the 
other two possiblities. Assume G/N = C. Since dx < 2 the Fibration Lemma 
implies dx/j = 0, i.e., TV/J is biholomorphic to a torus T. Thus G/J = T x C. 
However, we assume that G/J = C* x C* and this gives us a contradiction. Now 
assume G/N = C* x C*. By Chevalley’s theorem [14] the commutator group G' 
acts algebraically. Hence the G'~orbits are closed and one gets the commutator 
fibration G/N —> G/G' ■ TV. Since G is solvable, it follows that G' is unipotent 
and the G' -orbits are cells, i.e., G' • TV/TV = C. By the Fibration Lemma the base 
of the commutator fibration is a torus. But it is proved in [23] that the base of 
a commutator fibration is always Stein which is a contradiction. This proves the 
claim that G/N = C* and by the Fibration Lemma dx/j = 1 and hence TV/J = C* 

Since G is simply connected, G admits a Hochschild-Mostow hull ([22]), i.e., 
there exists a solvable linear algebraic group 

Ga = {C*)^ K G 

that contains G as a Zariski dense, topologically closed, normal complex subgroup. 
By passing to a subgroup of finite index we may, without loss of generality, as¬ 
sume the Zariski closure Ga(F) of F in Ga is connected. Then Ga(F) A J° and 
GQ(r) is nilpotent [19]. Let tt : Ga(r) Ga(F) be the universal covering and set 
F := 7 r“^(r). Since Ga(F) is a simply connected, nilpotent, complex Lie group, the 
exponential map from the Lie algebra 0 a (F) to Ga(F) is bijective. For any subset of 
GQ(r) and, in particular for the subgroup F, the smallest closed, connected, com¬ 
plex (resp. real) subgroup Gi (resp. Go) of Ga(r) containing F is well-defined. By 
construction Gq/F is compact, e.g., see [SS] Theorem 2.1]. Set Gi := 7 r(Gi) and 
Go := 7 r(Go) and consider the CHS manifold (Gi,Go,F). Note that the homoge¬ 
neous CR-manifold Gq/T fibers as a T-bundle over xS^. In order to understand 
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the complex structure on the base x of this fibration consider the diagram 


0 

n 

Gi/f 

c 

Ga(F)/f 

II 

II 


II 

Go/F c 

Gi/F 

c 

Ga(F)/F 

Ti 

t; 


IT 

Go/Go n(jO-F) c 

Gi/J° -F 

c 

Ga/J° ■F 


As observed in [TH Theorem 1], the manifold Ga/J® • F is a holoniorphically sep¬ 
arable solvmanifold and thus is Stein [24]. So Gi/J° • F is also Stein and thus 
Go/Go n (J° • F) is totally real in Gi/J° • F. The corresponding complex orbit 
Gi/J° • F is then biholomorphic to C* x C*. It now follows by [HJ Theorem 6.14] 
that a finite covering of Gi/F splits as a product of a torus with C* x C* and, in 
particular, that a subgroup of finite index in F is Abelian. 

Now set A := { exp | t € C }, where ^ G g \ n and n is the Lie algebra of 
Af°. Then G = A x and any 7 G F can be written as 7 = 'yA-lN with & A 
and 7 Ar G N. The fiber G/F —>■ G/N is the Af°-orbit of the neutral point and F 
acts on it by conjugation. Since N/T is Kahler and has two ends, it follows by [171 
Proposition 1] that a finite covering of N/T is biholomorphic to a product of the 
torus and C*. (By abuse of language we still call the subgroup having finite index 
F.) Now the bundle G/F — G/N is associated to the bundle 

C = G/N^ —^ G/N = C* 

and thus G/F = C Xp (T x C*), where p : N/N^ —>■ Aut(T x C*) is the adjoint 
representation. Since F is Abelian, this implies 7 ^ acts trivially on Vn := Fn AfO. 
Now suppose J has complex dimension k. Then 7.4 is acting as a linear map on 
iV° = C X J° = and commutes with the additive subgroup Fjv that has rank 

2fc -I- 1 and spans as a linear space. This implies 7 ^ acts trivially on and, 

as a consequence, the triviality of a finite covering of the bundle, as required. □ 

3.3. The classification for discrete isotropy. In the following we classify Kahler 
G/F when F is discrete and dx < 2. Note that dx = 0 means X is compact and this 
is the now classical result of Borel-Remmert [13] and the case dx = 1 corresponds 
to X having more than one end and was handled in m- 

Theorem 3.5 ([!]). Let G be a connected simply connected complex Lie group and 
F a discrete subgroup of G such that X := G/F is Kahler and dx < 2. Then G is 
solvable and a finite covering of X is biholomorphic to a product G x A, where G 
is a Cousin group and A is {e},C*, C, or (C*)^. Moreover, dx = dc + dA- 

Proof. By Proposition 13.31 G is solvable. If 0{X) = C, then AT is a Cousin group 
[22]. Otherwise, 0{X) ^ C and let 

j/r 

G/F—^G/J 

be the holomorphic reduction. Its base G/J is Stein [22], its fiber J/F is biholo¬ 
morphic to a Cousin group [22] , and a finite covering of the bundle is principal m- 
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Since GjJ is Stein, by Proposition 12.41 one has 

diincG/i/ < dQfj < dx ^ 2. 

If dx = 1, then dc/j = 1 and G/J is biholomorphic to C*. A finite covering of 
this bundle is principal, with the connected Cousin group as structure group, and so 
is holomorphically trivial [21]. If dx = 2, the Fibration Lemma implies G/J = C, 
C*, C* X C* or a complex Klein bottle [7] . The case of C* is handled as above and 
a torus bundle over C is trivial by Grauert’s Oka Principle |2T]. Finally, since a 
Klein bottle is a 2-1 cover of C* x C*, it suffices to consider the case C* x C*. That 
case is handled by Proposition EH) □ 

4. Proof of the Main Result when 0{X) = C 

Proof. Let tt : G/H ^ G/N be the normalizer fibration. We claim that G' acts 
transitively on Y := G/N. In order to see this consider the commutator fibration 
G/N —>■ G/N ■ G' which exists by Chevalley’s theorem, see [14], and recall that its 
base G/N ■ G' is an Abelian affine algebraic group that is Stein [23] and so must 
be a point. Otherwise, one could pullback non-constant holomorphic functions to 
X contradicting the assumption 0(X) = C. Since G' acts on G/N as an algebraic 
group of transformations and dc/x ^ dx =2, there is a parabolic subgroup P of 
G' containing N n G' (see [B] or Theorem 12.91) and we now consider the fibration 
Y = G'/N n G' ^ G'/P. 

First we assume G/N is compact and thus a flag manifold, i.e., A^ n G' = P 
and suppose 0{N/H) = C. Then N/H is a Cousin group by Theorem 13.51 The 
structure in this case is given in Proposition [2T0] X fibers as a (C*)*^-bundle over 
a product G x Q with dc + k = 2 with G a Cousin group and Q a flag manifold. 

Next suppose G/N compact and 0{N/P[) ^ C with holomorphic reduction 
N/P[ — N/I. The possibilities for N/PI have been presented in Theorem 13.51 
N/P[ is a solvmanifold, N/I is Stein [24] and I/H is a Cousin group [32]. So we 
get the following cases and we claim that none of these can actually occur: 

(i) N/I = C* and //P =: G is a Cousin group of hypersurface type. 

(ii) N/I = {<C*f and //P = P is a torus. 

(iii) N/I = C and I/H = T is a torus. 

In (i) and (ii) we have 0{G/I) C which contradicts 0{X) = C. The same 
contradiction occurs in (iii). Let I := StabG(P)- Then N normalizes /, since the 
partition of T x C by the cosets of T is P-invariant. Thus N/I = C as groups. Now 
S is not transitive on G/I since this would give an affine bundle S/S Ci I ^ S/P 
with SCiI not normal in P [TO] Proposition 1 in §5.2]. Therefore the S'-orbits in G/I 
are sections, the bundle G/I G/N is holomorphically trivial and 0{G/I) ^ C. 
However, this once again contradicts 0(X) = C. 

Now suppose dc/N = 1- As noted above, G' acts algebraically and transitively on 
G/N and G/N is an affine cone minus its vertex or simply C*. Thus 0{G/N) ^ C 
contradicting 0(X) = C. 

Suppose dc/N = 2 and a finite covering of P/N fl G' is biholomorphic to (C*)^. 
An intermediate fibration has base an affine cone minus its vertex and there exist 
non-constant holomorphic functions with the same contradiction as before. 
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Finally, suppose c?G/Ar = 2 and P/N n G" = C. Then there are two possibilities 
and we first suppose S acts transitively on Y. Let xq be any point in X and 
zo € S/I be its projection and consider the S'-orbit S.xg = S/S fl H through the 
point Xq. There is an induced fibration 

S/SnH -A G/H 
A i ; 

S/I = G/N 

with I an algebraic subgroup of S and = T a compact complex torus by the 
Fibration Lemma. Since S/S r\ H is Kahler, S' n iL is an algebraic subgroup of S. 
Then the holomorphic bundle S/S H H S/1 has the algebraic variety I/S H H 
as fiber A and this is a closed subgroup of the torus T. But this is only possible 
a I/S n H is finite. Since we have the fibration S/I S/P with P/I = C and 
S/P a flag manifold, we see that S/1 is simply connected. As a consequence, every 
S-orbit in A is a holomorphic section and we conclude that X is the product of T 
and S/1. 

Otherwise, S does not act transitively on G/N. The radical Re of G' is a 
unipotent group acting algebraically on G/N yielding a fibration 

Y = G/N G/N-Re 

where P = with p > 0. The Fibration Lemma and the assumption dx = 2 
imply N/H is compact, thus a torus, P = C and Z := G/N ■ Rqi is compact and 
thus a flag manifold. Now Y ^ C x Z because one would then have 0{Y) ^ C 
contrary to 0{X) = C. So T is a non-trivial line bundle over Z and there are two 
S-orbits in T, a compact one Yi which is the zero section of the line bundle and 
is biholomorphic to Z and an open one Y 2 . The latter holds, since the existence 
of another closed orbit would imply the triviality of the C*-bundle T \ Yi over Z. 
We write A as a disjoint union Ai U A 2 with Xi := TT~^(Yi) for i = 1, 2. Then Ai 
is a Kahler torus bundle over Z and is trivial by m- And a finite covering of A 2 
is also trivial since A 2 is Kahler and satisfies dx 2 = 1 [HI Main Theorem, Case 
(b)]. Note that the P-orbits in Ai (resp. A 2 ) are holomorphic sections of the torus 
bundle lying over the corresponding S'-orbit Yi (resp. 12 )- 

Let X 2 S A 2 and M 2 := S.X 2 - Since A is Kahler, the boundary of M 2 consists of 
S-orbits of strictly smaller dimension eqi Theorem 3.6], and for dimension reasons, 
these necessarily lie in Ai. Let Mi C M 2 be such an S-orbit in Ai and let p € Mi. 
As observed in the previous paragraph, Mi is biholomorphic to Yi which is a flag 
manifold. Therefore, Mi = K.p = K/L^ where K is a maximal compact subgroup 
of S and L is the corresponding isotropy subgroup at the point p and is compact. 
The L-action at the L-fixed point p can be linearized, i.e. this L-action leaves 
invariant the complex vector subspaces Tp{K/L) and Tp{'K~^ {'k{p))) as well as a 
complementary complex vector subspace W of Tp(X). Now W ®Tp{K/L) is the 
tangent space to M 2 and is a complex vector space. This implies that M 2 is the 
unique S'-orbit that contains Mi in its closure and also that M 2 = M 2 U Mi is a 
complex submanifold of A that is a holomorphic section of the bundle tt : A ^ K. 
This bundle is thus trivial and A is biholomorphic to the product T xY. 

This completes the classification if 0{X) = C. □ 
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5. Proof of the Main Result when 0{X) ^ C 

We first prove a generalization of Proposition 13.41 for arbitrary isotropy. 

Proposition 5.1. Let G be a connected, simply connected, solvable complex Lie 
group and H a closed complex subgroup of G with G/H Kdhler and G/H —> G/J 
its holomorphic reduction with fiber T = J/H a compact complex torus and base 
G/J = (C*)^. Then a finite covering of G/H is biholomorphie to T x (C*)^. 

Proof. If is normal in G, then this is Proposition 13.41 Otherwise, let N := 
Nc{H'^) and consider G/H G/N. Because G/N is an orbit in some projective 
space, G/N is holomorphically separable and the map G/H G/N factors through 
the holomorphic reduction, i.e., J C N. We first assume that J = N and consider 
now N := Ng{J^). Then the argument given in the third last paragraph of the proof 
of Proposition l3.4l shows that G/N = C* and N/ J = <C*. But then (a finite covering 
of) N/H is isomorphic to C* x T, see [13 Proposition!], i.e., that is normal in 
N. This gives the contradiction that N = N while dimA^ > dim J = dimA^. 

So we are reduced to the setting where, after going to a finite covering if necessary, 
G/N = C* and N/H = C* x T is an Abelian complex Lie group, since N/H is 
Kahler with two ends, see m Proposition 1]. We have the diagram 


G/H 

T ^ 

G/J = C* xC 

\ 




G/NaiH^) = C* 

Since the top line is the holomorphic reduction and X is Kahler, a finite covering 
of this bundle is a T-principal bundle, see m Theorem 1]. Choose C G 0 \ and 
set A := exp(^)c and B := Ng{H^) /H = C* xT. Then the group G := Ax B acts 
holomorphically and transitively on X, where A acts from the left and B acts from 
the right on the principal C* x T-bundle G/H ^ G/N. For dimension reasons the 
isotropy of this action is discrete and the result now follows by Proposition [331 D 

Proof of the Main Result when 0(X) C. Let G/H —> G/J be the holomorphic 
reduction. In |3 there is a list of the possibilities for G/J which was also given 
above in the proof of Proposition 13.31 We now employ that list to determine the 
structure of X. 

Suppose G/J = C. By the Fibration Lemma J/H is compact, Kahler, and 
so biholomorphie to the product of a torus T and a flag manifold Q. Thus X = 
T X g X C by |2T]. 

Suppose G/J is an affine quadric. By the Fibration Lemma we again have 
J/H = T X Q. Then X is biholomorphie to a product, since G/J is Stein and is 
simply connected fH] . 

If G/ J is the complement of the quadric curve in P 2 , then a two-to-one covering 
of G/J is the affine quadric and the pullback of X to that space is again a product, 
as in the previous case. 

Suppose G/ J is a C*-bundle over an affine cone minus its vertex and so Jg/j = 2 
and let G = S' X i? be a Levi-Malcev decomposition of G. By the Fibration Lemma 
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J/H is compact and J/H inherits a Kahler structure from X. If we set N := 
Nj{H^), then the normalizer fibration J/H ^ J/N is a product with N/H = T 
and J/N = Q, i.e., J/H = T x Q, see [T3]- Now S is acting transitively on G/N 
and by pulling the bundle back to the universal covering of G/J, without loss of 
generality, we may assume that G/N is simply connected. Consider the bundle 
G/H G/N. Its fibers are biholomorphic to T and the intersection of every S- 
orbits with this fiber N/H is biholomorphic to Q. Since the S'-orbits map onto 
G/J, it follows that the S'-orbits are sections of the bundle G/H G/N and the 
bundle is holomorphically trivial. Hence a finite covering of X is biholomorphic to 
T X {S/S n TV). Example 16.51 shows that the Q-bundle S/S C TV —S/S fl J is not 
necessarily trivial. 

Suppose the base of the holomorphic reduction of G/H is G/J = (C*)^, i.e., 
there is no flag manifold involved. We assume that G is simply connected and 
has a Levi-Malcev decomposition G = S x R. Let p : G/H G/J he the bundle 
projection map. We now fiber J/H in terms of its S~orbits hrst. Then the partition 
of X by the fibers of the map p is S-invariant. And J/H is compact and Kahler and 
thus biholomorphic to a product T x Q, where the flag manifold passing through 
each point is an S-orbit. As a consequence, the S-orbit in X are all closed and 
biholomorphic to Q and we have a homogeneous fibration G/H —?► G/S-H. Since all 
holomorphic functions are constant on the fibers of this fibration, the holomorphic 
reduction factors through this bundle projection and the base G/S ■ H = R/RDH 
then hbers as T-bundle over the base of the holomorphic reduction G/J and is 
Kahler [12]. As a consequence of Proposition 15.11 X = Q x T x (C*)^. 

Finally, suppose G/J is an affine cone minus its vertex (or possibly C*) and thus 
do/j = 1. Now by the Fibration Lemma the fiber J/H satisfies dj^H = 1 and is 
Kahler. The classihcation given in m Main Theorem] now applies. First assume 
0{J/H) = C. Then by [T71 Proposition 5] the normalizer fibration J/H ^ J/N 
realizes J/H as a Cousin bundle over a flag manifold. By Proposition 12.101 there is 
a closed complex subgroup I of J containing H with I/H = C* and J/I = T x Q, 
a product of a torus and a flag manifold. The S'-orbits in G/I are sections and 
the torus bundle splits as a product Y := T x S/S Ci I. Thus X fibers as a C*- 
bundle over T x Y. Example 16.41 shows that Y itself need not be a product. Next 
assume 0{J/H) ^ C. Then by [T71 Proposition 3] there exists a closed complex 
subgroup I of J containing H such that a finite covering of J/H is biholomorphic 
to I/H X J/I^ where I/H = T is a torus and Z := J/I is an affine cone minus its 
vertex. Then the fibration G/H G/I has T as fiber and S is transitive on its 
base and since T is compact, there is a Kahler structure on G/J, see [T2|. Now by 
the Fibration Lemma we have Jq/j = 2 and thus there exists a parabolic subgroup 
P of G containing / such that P/I is isomorphic to (C*)^, see [6] or Theorem 12.91 
But then G/I is holomorphically separable {G/I can be realized as a C*-bundle 
over an affine cone minus its vertex) and so G/I is the base of the holomorphic 
reduction of G/H. But this contradicts the assumption that G/J is the base of 
the holomorphic reduction of G/H. Note that it is not possible that J = I^ since 
0{J/H) yT C implies dim J// > 0. This case does not occur. 


This completes the classification when 0{X) yT C. 


□ 
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6. Examples 


We now give non-trivial examples that can occur in the classification. 

Example 6.1. The manifolds that occur in Proposition 12.101 need not be biholo- 
morphic to a product of an S-orbit times an orbit of the center. For k = dx = 1, 
let X ■ ^ be a non-trivial character, where B is a Borel subgroup of 
S := SL{2,C). Let C be a non-compact 2-dimensional Cousin group. Then C 
fibers as a C*-bundle over an elliptic curve T and let B act on C via the character 
X- Set X := S Xb C. Then X fibers as a principal C-bundle over S/B and is 
Kahler, but neither this bundle nor the corresponding C*-bundle is trivial. 


Example 6.2. Let S := 5'L(3,C) and 
' * 0 

H := ^ \ 0 * *1^ ^ ^ 

.0 0 * ; 


c P := 



where B is the Borel subgroup of S consisting of upper triangular matrices. Then 
S/H — S/B is an afHne C-bundle over the flag manifold S/B. Now consider 
the fibration S/H — S/P. Its fiber is P/H = P 2 \ {point} and all holomorphic 
functions on S/H are constant along the fibers by Hartogs’ Principle and so must 
come from the base S/P = P 2 . But the latter is compact and so 0{S/P) = C 
and, as a consequence, we see that 0{S/H) = C. Thus S/H is an example of a 
space that can be the base of the normalizer fibration in the second paragraph of 
the proof of the Main Theorem in §4. 


Example 6.3. The space Y = PnM^^o} is an example for the base of the normalizer 
hbration in the third paragraph of the proof of the Main Theorem in §4. For n = 2 
we have Y = P/H with the groups given in Example 16.21 


Example 6.4. Consider the subgroups of S := SL{5, C) defined by 
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Then J/H = Pi and P/J = C* and S/P = Q is a. flag manifold that can be fibered 
as a Gr(2,4)-bundle over P 4 . We have the fibrations 

S/H ^ S/J ^ S/P = Q. 


Note that S/J is holomorphically separable due to the fact that it can be equiv- 
ariantly embedded as an affine cone minus its vertex in some projective space and 
since J/H is compact, S/J is the base of the holomorphic reduction of S/H. Be¬ 
cause the fibration of S/H is not trivial, this shows that the ^-orbit that can occur 
in the proof in §5 need not split as a product. 
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Example 6.5. One can take a parabolic subgroup similar to the one in the previous 
example so that its center has dimension two and create an example which fibers 
as a non-trivial flag manifold over a (C*)^-bundle over a flag manifold. Since this 
is similar to the construction in Example 16.41 we leave the details to the reader. 
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